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Abstract. The functionals on an ordered semigroup S in the category Cu-a 
category to which the Cuntz semigroup of a C*-algebra naturally belongs-are 
investigated. After appending a new axiom to the category Cu, it is shown 
that the "realification" Sr of S has the same functionals as S and, moreover, is 
recovered functorially from the cone of functionals of S. Furthermore, if S has 
a weak Riesz decomposition property, then 5r has refinement and interpolation 
properties which imply that the cone of functionals on S is a complete distribu- 
tive lattice. These results apply to the Cuntz semigroup of a C*-algebra. At 
the level of C*-algebras, the operation of realification is matched by tensoring 
with a certain stably projectionless C*-algebra. 



1. Introduction 

From its introduction in |Cun78j . the Cuntz semigroup of a C*-algebra has been 
understood as a natural carrier of the dimension functions of the C*-algebra: they 
correspond to functionals on the Cuntz semigroup. In fCEIOS' , Coward, Elliott 
and Ivanescu define the category Cu and show that the Cuntz semigroup of a C*- 
algebra is an object in this category. The idea comes to mind to study functionals 
on ordered semigroups in the axiomatic setting of Cu and attempt to recover (and 
push further!) known results in the C*-algebraic context. Such a study was done 
partly in [ERSllj and [BRT"*"] and is continued here. 

Our starting point is an ordered semigroup S in the category Cu. However, 
in order to make progress on questions regarding the functionals on S, we need 
to assume that S also has the almost algebraic order property (see axiom 05 in 
Subsection 12. II below). For the Cuntz semigroup of a C*-algebra, this property was 
proven in [RWlOi Lemma 7.2] and it was also used repeatedly in the arguments of 
[RRll] . The results of this paper stress further its importance (see Remark 12.2.41 
below). 

Assume that S is in the category Cu and has almost algebraic order. Denote by 
F{S) the cone of functionals on S (topologized as in |ERS11] ). Each s G S induces 
a function on F{S): s(A) :— A(s) for all A G F{S). Two natural questions that can 
be asked are 

(i) what can we say about s,t G S ii s = tl, 

(ii) what can we say about the range of the map s M> s? 

The first question is answered in Proposition 12.2.61 below. Regarding the second 
question, we consider a set larger than the range of the map s s; namely, the 
closure (under sequential suprema) of the R+-linear span of the range of s i— >■ s. 
This set, denoted by Sm, may also be characterized as the "realification" of S and is 
the main focus of the results of this paper. It will be shown that Ss. can be recovered 
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functorially from F{S) as a suitable dual of F{S). If we assume further that S has 
a weak decomposition property (a la Riesz), then Sm satisfies a refinement property 
which in turn implies that F{S) is a complete lattice. 

Our results are applicable to C*-algebras. At the level of C*-algebras, the op- 
eration of "realification" is matched by tensoring with the stably projectionless 
C*-algebra TZ studied in }JaclO| and |Robll) . That is, Cu(A)r = Cu{A <S) Tl), 
where Cu(A) denotes the Cuntz semigroup of the C*-algebra A. Since F(Cu(A)) 
is in bijection with the lower semicontinuous 2-quasitraces on it follows that the 
Cuntz semigroup of an 7?.-absorbing C*-algebra is determined by its cone of lower 
semicontinuous 2-quasitraces. Cu(^) has the weak Riesz decomposition property 
mentioned above. Thus, the lower semicontinuous 2-quasitraces on A form a com- 
plete lattice. This extends Blackadar and Handelmann's |BH82[ Theorem II. 4. 4] 
that the bounded 2-quasitraces of a unital C*-algebra A form a lattice. 

In Section [5] we prove some preliminary results on ordered semigroups and we 
answer question (i) above. In Section [3] we define S'r and show that it is recovered 
functorially as a dual space of F(S'). In Section [4] we prove refinement and interpo- 
lation properties for Sk. and derive from these that F(S') is a complete lattice. The 
last section contains the results relating to the Cuntz semigroups of C*-algebras. 
In the last paragraphs we give further evidence of the relevance of the properties 
of almost algebraic order and weak Riesz decomposition by showing that Glimm's 
halving property for non-type I simple C*-algebras is recovered, in the context of 
ordered semigroups, using these properties. 

Acknowledgements. This research was conducted while I was a member of the Cen- 
ter for Symmetry and Deformation at the University of Copenhagen. I am grateful 
to the Center, and in particular to Mikael R0rdam, for their hospitality and sup- 
port. The case that A is commutative of the isomorphism Cu(^)r = Cu(^ ® TZ) 
can be derived using the methods of [Tikllj . I am grateful to Aaron Tikuisis for 
pointing this out as evidence of the validity of the general result. 

2. Preliminaries on ordered semigroups 

We call ordered semigroup a monoid endowed with a translation invariant order 
relation. We always assume that the semigroup is abelian and positive, i.e., 
is the smallest element of the ordered semigroup. By ordered semigroup map we 
understand one that preserves the order, the addition operation, and the element. 

2.1. The category Cu. Given elements in an ordered set s and i, we say that s is 
sequentially compactly contained in t, and denote it by s <C t, if for any increasing 
sequence (t„) such that t ^ sup„ i„ we have s ^ i„o for some rtg G N. (We will 
often drop the reference to sequences is simply say that s is compactly contained 
in t.) 

The objects of the category Cu — introduced in |CEI08| -are ordered semigroups 
satisfying a number of axioms. The ordered semigroup S is an object of Cu if 

01. Every increasing sequence has a supremum. 

02. For every s £ S there exists a sequence (s„) such that s„ Sn+i for all n 
and s — sup„ s„ . 

03. If Si < U, for i = 1, 2, then si -I- S2 < ii + i2- 

04. If (s„) and are increasing sequences then sup„(s„ + i„) — sup„ s„ + 
sup„ tn. 
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The primary example of an ordered semigroup in the category Cu is the Cuntz 
semigroup of a C*-algebra. That such an object satisfies the axioms 01-04 is 
proven in |CEI08[ Theorem 1]. 

We will also consider the property of almost algebraic order: 

05. If s' ^ s ^ i then there exists r such that s' + r ^ t ^ s + r. 
It is proven in jRWlOi Lemma 7.2] that the Cuntz semigroup of a C*-algebra 
satisfies 05. 

A sequence (s„) such that s„ <g; Sn+i for all n is called rapidly increasing. Thus, 
02 may be restated as saying that every element is the supremum of a rapidly 
increasing sequence. 

A subset S' C S is called dense if every element of 5" is the supremum of a rapidly 
increasing sequence of elements in S' . If a C*-algebra is separable, then its Cuntz 
semigroup has a countable dense subset (see Proposition 15 . 1 . Il below) . 

2.2. Functionals. We call an ordered semigroup map A: S ^ [0,oo] a functional 
on S if it preserves the suprema of increasing sequences. The collection of all func- 
tionals on iS* forms a cone that we denote by F(S') (addition and scalar multiplication 
are defined pointwise). 

Lemma 2.2.1. Let S be an ordered semigroup in the category Cu. Let X: S ^ 
[0, oo] be additive and order preserving. Then A(s) :— sup^/^^ A(s') is afunctional 
on S. (We call A the supremum preserving regularization of X.) 

Remark 2.2.2. The above lemma is proven in (ERSlli Lemma 4.7]. Notice, 
however, that the hypothesis that A is order preserving is not included in the 
statement of [ERSlli Lemma 4.7], although it is tacitly assumed in the proof. 

Let us now show that the pointwise order in F(S') coincides with the algebraic 
order if S is in the category Cu and has almost algebraic order. 

Proposition 2.2.3. Let S be an ordered semigroup satisfying the axioms 01-05. 
Let a and /3 be functionals on S . Then a{s) ^ /3{s) for all s £ S if and only if 
there exists a functional 7 such that a + "f = /?. 

Proof. Define 7: S ^ [0, 00] by 




(3{s)-a{s) if/3(s)<oo 
00 otherwise. 



It is easy to check that 7 is additive. Let us show that it is also order preserving. 
Let s,t G S he such that s < i. If P{t) = 00 then ^{t) = 00 and clearly 7(5) < 7(t). 
Assume that /3(t) < 00. Since sup^/^^ /3(s') = /3(s) < 00, for any given e > 
there exists s' ^ s such that /3{s) ^ /3(s') + £■ By 05 there exists r E S such that 
s' + r ^ t ^ s + r. Then, 

7(i) = I3{t) - a{t) ^ /3(s' + r) - a{s + r) ^ /?(s') - a{s) ^ 7(5) - e. 

Since e can be arbitrarily small we get that j{t) ^ 7(s). 

We have a -I- 7 = /3. Passing to the supremum preserving regularizations we get 

a + j = /3. □ 

Remark 2.2.4. It is remarked without proof in [ERSllj -after the proof of |ERS11[ 
Lemma 4.7]-that the above proposition is true for ordered semigroups in the cat- 
egory Cu. It is not presently clear to me whether this is the case. Observe that 
in the above proof we have made use of the axiom 05 (i.e., the property of almost 
algebraic order). Since [ERSlli Theorem 4.8] relies on this fact, the hypothesis 
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that the ordered semigroups have ahuost algebraic order must be appended to the 
statement of [ERSlli Theorem 4.8]. 

For the remainder of this section S denotes an ordered semigroup satisfying the 
axioms 01-05 (i.e., in the category Cu and with almost algebraic order). 

The cone F{S) is endowed with the topology such that a net (Ai) converges to 
A if and only if 

(2.1) limsupAi(s') ^ A(s) ^ liminf Ai(s) 

i * 

for all s', s £ 5* such that s' s. The addition and the scalar multiplication by 
positive real numbers are jointly continuous operations (see |ERS111 Proposition 
3.6]). By lERSllI Theorem 4.8], F(5) is a compact Hausdorff space. If S is the 
Cuntz semigroup of a C*-algebra, then F(S') is isomorphic, as a topological cone, 
to the cone of lower semicontinuous 2-quasitraces on the C*-algebra (see [ERSlli 
Theorem 4.4]). 

Let us denote by Lsc(F(S')) the set of functions /: F{S) — >■ [0, cxd] that are lin- 
ear and lower semicontinuous. Lsc(F(5')) is endowed with the order of pointwise 
comparison and the operations of pointwise addition and pointwise scalar multipli- 
cation by positive (non-zero) real numbers. Each element s € S induces a function 
s e Lsc(F(S')) defined by s(A) = A(s) for all A G F(5'). The map s s is additive 
and preserves sequential suprema (because functionals are additive and preserve 
sequential suprema) but may not preserve the relation of compact containment. 
However, we do have the following lemma. 

Lemma 2.2.5. If s t £ S and a < /3 G (0, oo] then as <^ /3i (here the relation 
^ is taken in Lsc(F{S))). 

Proof. Suppose that (Ai) is a net in F{S) such that A^ — > A and Xi{s) > ^ for all i. 
Then 

X(t) ^ limsupAi(s) ^ — > — . 

t a p 

This shows that we have the inclusion 

{A G F(S') I as{\) > 1} C {A I /3t(A) > 1}. 

By [ERSlli Proposition 5.1], this inclusion implies that as ^ f3i in Lsc(F(S')). □ 

The following proposition gives an algebraic characterization of the comparison 
of elements of S by functionals (thus answering question (i) from the introduction). 

Proposition 2.2.6. Let S be an ordered semigroup that satisfies 01-05 and let 

s,t £ S . Then s !^ t if and only if for every e > and s' <^ s there exist AI, N £ N 
such that ^ > 1 - e and Ms' ^ Nt. 

Proof. If Ms' ^ Nt, with M/N > 1 — e, then (l—e)s' ^ t. Passing to the supremum 
over all £ > and s' <C s we get that s ^ i. 

Suppose that s ^ i and let s' <C s and e > 0. Comparing s and t on the functional 
A: S' ^ [0, oo] such that A(a;) = if x ^ oo • i and X{x) ~ oo otherwise, we conclude 
that s ^ oo -t, and so s' ^ Ct for some finite C > 0. Choose P, Q G N such that 
1 - e < PjQ < 1. Then PA(s) < Q\{t) for every A G F(S') such that A(t) = 1. 
Let a: S — [0, oo] be an ordered semigroup map such that a{t) = 1. Let a be the 
supremum preserving regularization of a (defined as in Lemma l2.2.ip . If a(t) ^ 
then Pa{s') ^ Pa{s) < Qa{t) < Qa{t). If 5(t) = then Pa{s') = < Q = Qa{t). 
In summary, Pa{s') < Qa{t) for any ordered semigroup map a: S" — > [0, oo] such 
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that a{t) = 1. By |0PR111 Proposition 2.1], this imphes that (fc + l)Ps' ^ kQt for 

( k-\-l)P 

aU /c e N large enough. Since we can choose k such that ^ > 1 — e, we are 

done. □ 



3. The ordered semigroup Sr 

3.1. Definition and properties of Sr. Let S" be a positive ordered semigroup 
satisfying axioms 01-05 (i.e., in the category Cu and with the almost algebraic 
order property). We denote by Sr the subset of Lsc(F(S')) of functions expressible 
as the pointwise supremum of an increasing sequence (hn), where each hn belongs 
to the Q^-linear span of the image of S in Lsc(F(5')). That is, f G Sr ii there exist 
Si £ S and rij G N, with i = 1,2,..., such that the sequence {f^)i is increasing and 

/(A) = sup for all A £ F{S). 

Proposition 3.1.1. Let S be an ordered semigroup satisfying the axioms 01-05. 
Then Sr also satisfies 01-05 and F(S') = F(S'r) as topological cones. 

Proof. Let s (z S and let (si) be a rapidly increasing sequence with supremum s. 
By Lemma r2.2.5l we have (1 — i)si <C (1 — j^)si+i, where the relation <C is taken 
in Lsc(F(S')). It follows that this relation of compact containment also holds in 
Sr C Lsc(F(S')). Thus, s is the supremum of a rapidly increasing sequence. This 
automatically holds also for ^ for every n G N. Using a standard diagonalization 
argument (see the proofs of [CEIOSi Theorem 1 (i)] and fE RSlli Proposition 5.1 
(iii)]) we can then show that Sr is closed under the suprema of increasing sequences 
(as a subset of Lsc(F(S'))), and that every element of Sr is the supremum of a 
rapidly increasing sequence in Sr. Since the supremum of a sequence in Lsc(F(5)) 
is the pointwise supremum, it is clear that Sr satisfies 04. 

Let us show that Sr satisfies axiom 03. Let fi,gi £ Sr, i — 1,2, be such 
that fi <^ gi. In order to prove 03, we may assume that gi and (72 belong to a 
dense subset. Thus, we may assume that they have the form at, with t € S and 
a G Q"*". Moreover, multiplying by a suitable integer, we reduce proving 03 to the 
case that gi = ii, i = 1, 2. Let us find £ > and t'^ ^ ti, with i = 1, 2, such that 

^ (1 - e)t'i < t,. Then fi+f2^{l- e){t[ + 1'^) < ii + £2- This proves 03. 

We postpone the proof of 05 to Proposition 13.3.11 where a stronger version of 
the almost algebraic order property is obtained. 

The map A 1— ?• (/ H> /(A)), from F(S') to F(S'r) is linear and continuous. It is also 
bijective, since any functional on Sr is uniquely determined by its restriction to the 
image of S in Sr, and thus gives rise to a unique functional on S. Since both F(5) 
and F(S'r) are compact HausdorfF spaces, A ^ (/ M- /(A)) is a homcomorphism. □ 

The ordered semigroup Sr can be characterized by a universal property using 
the property of real multiplication. 

Definition 3.1.2. We say that the ordered semigroup O has real multiplication if 
there exists a map (0, 00] x O t-^ O 

{t,s) 1-^ t- s 

that is additive on both variables, order preserving on both variables, supremum ( of 
sequences) preserving on both variables, and such that 1 ■ s — s. 
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S'r clearly has real multiplication. An ordered semigroup with real multiplication 
is unperforated by definition, i.e., nx ^ ny implies x ^ y. Although Sr is not nec- 
essarily cancellative, it has the following form of cancellation (a direct consequence 
of unperforation) : 

h (X g .1 ^ n 

Here h oc g means that h ^ ng for some n e N. 

The following proposition implies that having real multiplication is a property 
rather than additional structure (thus, the scalar multiplication can be uniquely 
defined, if at all). 

Proposition 3.1.3. Let S and S' be a ordered semigroups satisfying 01-05 and 
suppose that S' has real multiplication. Let a: S ^ S' be an ordered semigroup 
map that preserves the suprema of increasing sequences. Then there exists a unique 
ordered semigroup map a: S'r — ?• S" that preserves the suprema of increasing se- 
quences and such that the following diagram commutes: 




Proof. Let us show the uniqueness of a first. Suppose that cSi, a2 : Sr ^ S' satisfy 
that ai(s) = 02(5) for all s. Then ai and 7x2 also agree on elements of the form 
s/n and on the suprema of increasing sequences of such elements. Thus, oii —a2- 
Let a: S ^ S' he given as in the statement of the proposition. Let si, S2 G be 
such that si < S2. Using Proposition l2.2.6[ we can see that {l — e)a{si) < a(s2) for 
all £ > and s'^ ^ si. Passing to the supremum over all such e and we obtain 
that a{si) ^ a{s2). 

Let / G Sr. Let {si/ui) and {ii/nn) be rapidly increasing sequences with supre- 
mum /. Then these sequences intertwine: for every i there exists j such that 
Si/ui ^ tj/ruj and ti/mi ^ Sj/uj. Thus, the sequences (a(si)/nj) and {a{ti)/mi) 
are also intertwined, and so they have the same supremum. We can thus define 

_.„^ a{si) 
a{f) sup . 

A straightforward, but tedious, analysis show that this map is additive, order pre- 
serving, and supremum preserving. □ 

Corollary 3.1.4. Let S be an ordered semigroup satisfying 01-05. Then (S'r)r = 
Sr. 

Remark 3.1.5. The case can be made that Sr is nothing but the tensor product 
S (8) [0,00] in the category of ordered semigroups that satisiy the axioms 01-05. 
However, tensor products in this category remain a subject yet to be investigated. 
So we will not pursue this point of view here. 

Let us introduce a strengthening of the compact containment relation among the 
elements of Sr. Let f,g € Sr. Let us write / < g if / < (1 — e)g for some £ > and 
/ is continuous at each A e F(5) for which g{X) is finite. We will make repeated 
use of this relation in the coming sections. We remark that 

(i) f <l g ^ h implies f <\h. 

(ii) f <\g implies that f g, where the relation ^ is taken in Lsc(F(S')). This is 
proven in [ERSlll Proposition 5.1]. 
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(iii) / <] 5 and /' <J g' imply / + /' < 5 + 5'- 

Proposition 3.1.6. For each f ^ there exists a sequence /ii <l /12 <1 /13 • ■ • in 

S-R with supremum f. 

Proof. It suffices to show that f ^ f then there exists I such tliat /' ^ l<\f- Let 
us choose, recursively, elements f _k_ G S'r indexed by the dyadic rationals in [0, 1] 

in the following manner: /o = /i ^ /> and f_k_ <C / y if 1^ < Finally, for 

each n e N let 

^" = ^ X! -^2^ ' 

1 2" 

k=l 

Then (Z„) is increasing, (7„) is decreasing, and f ^ In ^ In ^ f for all n. Let 
I — sup„ Z„. Let us show that I is continuous at each A where / is finite. Suppose 
that /(A) < 00 and let Xi — > A. Since I is lower semicontinuous, ^(A) ^ liminfi l{Xi). 
On the other hand, for every n we have 



Thus, 



In-^l^ln ^ln + ^- 



limsupZ(Ai) < limsupZ„(Ai) + — • limsup/i(Ai) < /(A) ' '^^^^ 



2n ^ J- J J- \ '/ ^ \ / ' 2" 

Since n is arbitrary and /(A) < 00, we have limsupjZ(Ai) ^ IW- Thus, I is 
continuous on A. In order to arrange that I <\ f, we first find e > such that 
/' (1 — e)f. We then find I such that /' ^ ? ^ (1 — e)f and / is continuous on 
each A where / is finite. □ 

Lemma 3.1.7. Let f <l g and let {fn)n be an increasing sequence with supremum 
f and such that fn < / for all n. The for every e > there exists N such that 
/ ^ /« + eg for all N. 

Proof. This follows from the fact that /„ converges uniformly to / on the set {A S 
F{S): g{X) 1} (by Dini's theorem). □ 

3.2. Sm as dual of F(S'). In this subsection S continues to denote an ordered 
semigroup satisfying axioms 01-05. Here we show how S'r may be recovered solely 
from the topological cone F{S). Indeed, S'r coincides with the ordered semigroup 
L(F(5)) introduced in jERSll) . 

By L(F(5)) we denote the subset of Lsc(F(5)) of functions / expressible as the 
supremum of an increasing sequence (/«), with /„ G Lsc(F(S')) and /„ <1 fn+i for 
all n. Proposition 13.1.61 implies that S'r is contained in L(F(S)). Following the 
same approach used to prove jERSlll Theorem 5.7], we can show that they are in 
fact equal: 

Theorem 3.2.1. Let S be an ordered semigroup satisfying 01-05. Then Sr = 
L(F(S)). 

Before proving this theorem, we need some preliminary results. 

Lemma 3.2.2. Let S be an ordered semigroup satisfying 01-05. Let f,g G 
Lsc(F(S)) be such that f <\ g. Then there exists s G S such that / <C s ^ 00 • 
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Proof. Consider the set {A G F{S) \ g{X) — 0}. This set is closed under addition 
(whence upward directed) and under upward directed suprema (since g is lower 
semicontinuous) . Therefore, it contains a maximum element Aq . The set of func- 
tions {§ I Ao(s) = 0} is closed under addition, whence upward directed. Moreover, 
the pointwise supremum of these functions is equal to oo • g (if 5(7) 7^ for some 
functional 7 then 7(5) > = Ao(s) for some s £ S and so 00 • 5(7) = 00 ■ 5(7)). 
Since f <i 00 ■ g, the function / is compactly contained in cxd • and so there exists 
s' S {s I Ao(s) — 0} such that / <C s' ^ cx) • g. Hence, there exists s <C s' such that 
/ -C s -C 2s' ^ cxD ■ (7. This proves the lemma. □ 

The following proposition and lemma are analogs of |ERS11[ Proposition 5.5] 
and [ERSlli Lemma 5.6] (which are stated in the C*-algebraic context). In proving 
them we will follow the proofs of those results closely. 

Let J C 5' be an ideal of S, i.e., a hereditary subsemigroup closed under the 
supremum of increasing sequences. Let A/ : S ^ [0, 00] denote the functional such 
that A/(s) = if s e / and A/(s) = 00 otherwise. Finally, let F/(S') C F{S) be the 
subcone defined by 

(3.1) Fi{S) := A/ + {A e F{S) \ A(s) < 00 for aU s < s' for some s' e /}. 

Notice that Fi{S) is a cancellative cone: if Ai + A = A2 + A, with Ai, A2, A G Fi{S) 
then Ai(s) — A2(s) for all s such that s ^ s' e / for some s' . Hence, Ai(s) = A2(s) 
for all s e / and so Ai = A2 (since both functionals are infinite outside /). 

Proposition 3.2.3. Let V(F/(S')) denote the ordered vector space of linear, real- 
valued, continuous functions on Fi{S). Let A: V(F/(S')) R be a positive linear 
functional on V(F/(S')). Then there exists A G Fi{S) such that A(/) = /(A) for all 
feV{Fj{S)). 

Proof. We will show that the relative topology on Fj{S) induced by the topology 
of F(S') is the weak topology a{Fi{S),V{Fi{S))). This will imply that F/(S') is a 
weakly complete cancellative cone in the class S of Choquet (see [Cho69[ page 194]). 
The proposition will then follow from |Cho69l Proposition 30.7]. 

It suffices to show that the relative topology on Fj{S) agrees with the topology 
of pointwise convergence on the functions 

(3.2) Pi ■={f£Sm\f<if -^s for some /' G Sr, s G / }. 

First observe that /' ^ s, with s G /, implies that /' is finite on F/(S'). Thus, 
if / O /' ^ * then / is continuous on F/(S'). 

Assume, on the other hand, that (Ai) is a net in Fi{S) and that /(AJ — > /(A) for 
every f £ Pj. Let s',s G S' be such that s' <C s and let us show that the inequalities 
(12. ip defining the topology of F{S) hold true. If s ^ / then \i{s) = A(s) = 00 for 
all i and so the inequalities (|2.ip hold trivially. Suppose that s G /. Let s" be such 
that s' <C s" <C s and let e > 0. Since (1 — e)s" ^ s, there exist /i, /2 G Su such 
that (1 - e)P' < /i < /2 < s. Notice that /i G P/. So 

(1 - e)limsups'(Ai) limsup/i(Ai) = /i(A) s$ s(A). 

■i 

Passing to the supremum over all e > establishes one half of (|2.ip . Also, 
(1 - e).?{X) /i(A) = liminf /i(A,) sC liminf ?(A,). 

i 

Passing to the supremum over all s" <C s and e > we get the other half of 
(EH). □ 
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Lemma 3.2.4. Let /ii,/i2,/i3 G Lsc(F(S')) he such that hi <l h-z <i h^. Then for 
every 6 > there is / G Sr such that / ^ /is and hi ^ Sh^, + f . 

Proof. Let I :— {s E S \ s ^ oo ■ h^}. Observe that / is an ideal of 5*, i.e., it 
is a hereditary subsemigroup closed under the suprema of increasing sequences. 
Consider the compact subset K C F(S') defined by 



Observe that K is contained in Fj{S). Indeed, if A G A' and s ^ s' G J then 
s oc hs, whence A(s) < oo. 

The function hi is continuous on K by hypothesis. Since K C F/(5), the 
functions in the set Pj (as defined in (|3.2p ) are also continuous on K. Let us show 
that hi can be uniformly approximated on K by functions in Pj. Suppose the 
contrary. Then there is a real measure m on K such that J f dm = for all f € Pi 
and J hi dm = 1. Let m = m^ — to_ denote the Jordan decomposition of m. Then 
/ f dm+ = J f dm- for all f G Pi and J hi dm+ ~ J ^i dm^ + 1. Since K C F/(S'), 
we can define positive linear functionals A-|_, A_ : V(F/(5') — > K by 



By Proposition 13.2.31 A+ and A_ are given by the evaluation on functionals A+ 
and A_ belonging to Fi{S). Thus, /(A+) = /(A_) for aU / G Pi. Every s with 
s G / is the supremum of an increasing sequence of elements of Pi. (To see this, 
find a sequence (/„) in such that /„ <l fn+i for all n and with supremum s. 
Then /„ G Pi for all n.) Thus, A+(s) = A_(s) for all s G /. Since A+ and A_ are 
in F/(S'), they are both infinite outside of /. Thus, A+ = A_. 

By Lemma [3.2.21 there exist s,s' G / such that h2 ^ s', and s' -C s. It fol- 
lows that /i2 is finite on Fi{S). So hi is continuous on Fi{S). In particular, the 
restriction of hi to Fi{S) belongs to V(F/(S')). But /ii(A+) = /ii(A_) + 1. This 
contradicts the earlier conclusion A+ = A_. Therefore, the restriction of hi to K 
must belong to the norm closure of the functions in P/. That is, for every S > 
there exists f & Pi such that \\hi — f\\K < S. Equivalently, hi ^ f + Sh^ and 
f ^ hi + Shs on K. It is easily shown that these inequalities also hold on all F{S). 
Changing / to //(I + 5) we can arrange that / < /13. □ 

Proof of Theorem\MJ\ The inclusion Sk C L(F(S')) follows from PropositionEXHl 
Let us prove the opposite inclusion. Let (/i„) be a sequence in Lsc(F(S')) with 
supremum h and satisfying /i„ <l hn+i for all n. Let /i„ > be such that that 
hn =S= (1 ^ tJ-n)hn+i for all n. By Lemma 13.2.21 there exists i G 5* such that 
h-3 ^ t <C 00 • /14. Let us choose M > such that t ^ Mh^ and then S > such 
that SM < fi3. Finally, using Lemma [3.2.41 let us find g G S'r such that (7^/13 
and hi ^ Sh^ + g. 

Let gi — g + St. Then gi G S'r and 



So hi ^ gi ^ /14. In the same way we may find g2 G S'r such that h^ ^ g2 ^ hj. 
Continuing in this way we get a sequence (gn), with gn G Sr and h — sup„(7„. 



K ■.= {XeF{S)\h3{X)^l} + Xi. 




gi = g + 6i {1 - fi3 + 5M)hi ^ hi. 



Also 



gi = g + St ^ g + Shs ^ hi. 



Thus, G Sr. 



□ 
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A question left unanswered in these paragraphs is what axioms are needed on 
a topological cone C so that the ordered semigroup L(C) satisfies axioms 01-05. 
Furthermore, one can ask if in such a case C is recovered by passing to the cone of 
functionals F(L(C)). 

Problem 3.2.5. Describe the category of non-cancellative cones dual to the cate- 
gory of ordered semigroups that satisfy axioms 01-05 and have real multiplication. 

3.3. Almost algebraic order of S'r. Here we show that S'r has almost algebraic 
order (thus completing the proof of Proposition 13.1.1]) . We will show that, in fact, 
has the following strengthening of the almost algebraic order property: 

Proposition 3.3.1. Let S be an ordered semigroup satisfying axioms 01-05. Let 
f'ifi9 G 'S'r be such that /' <C / ^ g. Then there exist h,h' £ S'r such that 
f <ih<^ f and h + h' = g. 

This proposition is an immediate consequence of Proposition 13.1.61 combined 
with the following lemma: 

Lemma 3.3.2. Let /, 5 G S'r be such that f <g' g for some g' G Sr. Then there 
exists h (z S]gi such that f + h = g. The element h may be chosen such that f on h. 

Proof. Let (gn) be a sequence in Sr such that g — sup„ gn and gn O gn+i for 
all n. We may assume that g' ^ gi, and so f <i gi. Let us define the functions 



It is easily verified that /i„ is linear. Let us show that it is also lower semicontinuous. 
Let (Ai) be a net converging to a functional A. Suppose that gn(A) < 00. Then / 
is continuous at A. So, 



Thus, hn is lower semicontinuous at A. Suppose that (?n(A) — 00. Since / ^ 
(1 - Sn)gn for some e„ > 0, we have gn{\) - f{\) ^ SngniK) if gniK) is finite. 
This implies that ft,„(Ai) ^ £n5n(Ai), whether gn{\) is finite or not. Passing to the 
limit with respect to i we get that liminfi /i„(Ai) ^ liminfi e„(7„(Ai) = 00. Thus, 
hn is lower semicontinuous at A. 

Let us now show that hn <\ hn+i for all n. If /i„+i(A) < 00 then .gn+i(A) < 00, 
and so gn and / are both finite and continuous at A. It follows from the definition 
of hn that it is also continuous at A. Also, from g„ ^ (1 — en)gn+i for some e„ > 
and the definition of /i„ we easily deduce that /i„ ^ (1 — en)hn+i- It follows that 
hn < hn+i- 

Let h — sup„/i„. Then h G L(F(S)) — S'r. Since gn ~ f + hn for all n, we 
conclude that g = f + h. Finally, in order to arrange for f (x h, find e > such 
that f <lg' ^ {l — e)g. Find then h' such that f + h' = {l — e)g and set h = h' + eg. 
This concludes the proof of the lemma. □ 



hn : F(S) [0, 00] by 





00 otherwise 



liminf(5„(A,) - /(A,)) = liminf .g„(A,) - /(A) ^ 5„(A) - /(A). 



4. Refinement and interpolation properties 



Let S be an ordered semigroup. In this section, in addition to the axioms 01-05, 
we assume that S satisfies the following axiom: 
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06. li s,t,r £ S arc such that s ^ r + t, then for every s' ^ s there exist r' 
and t' such that 

s' r' + t', 
r' ^ r,s and t' ^ i, s. 

Notation convention. In order to state muhiple inequahties more compactly, we 
will often use the notation a,b., c, . . . ^ x,y, z, . . . to mean that every element listed 
on the left side is less than or equal to every element listed on the right side. 

Lemma 4.0.3. Let S be an ordered semigroup satisfying axioms 01-06. Then S'r 
also satisfies 01-06. 

Proof. We have already shown in Proposition I3.1.H that Sr satisfies 01-05. Let 
f,g,h G S'r be such that f ^ g + h. In order to prove axiom 06, it suffices to 
verify that it holds for /, g, and h belonging to a dense subsemigroup of Sr. So 
we may assume that they all belong to the Q"'"-linear span of the image of S in Sr. 
Moreover, multiplying by a sufficiently large integer, we may assume that /, g and 
h belong to the image of in S'r. So let us suppose that s ^ f + i. Let s" ^ s' ^ s. 
By Proposition l2.2.6l given e > there exist M, g N such that M/N > 1-e and 
Ms' < Nr + Nt. Thus, by axiom 06 applied to 5" there exist r' and t' such that 

Ms" s^r' + t', 
r' < Nr, Ms' and t' ^ Nt, Ms'. 

Thus, setting jf = g and jj = h, we get that 

(1 - e)s" s: .9 + /i, 
g ^ f, s and h ^ t, s. 

Since the elements of the form (1 — e)s" , with e > and s" ^ s, are compactly 
contained in s and have supremum s, the proof is complete. □ 

In what follows S'r denotes the realification of an ordered semigroup S that 
satisfies axioms 01-06. Since S'r satisfies the same axioms (by Proposition I3.3.T] 
and Lemma r4.0.3p . and (Sr)r = Sr, we may alternatively regard Sr as an arbitrary 
ordered semigroup with real multiplication and satisfying axioms 01-06. 

4.1. Refinement. The following form of refinement property holds in S'r and suf- 
fices to conclude that F(S) is a lattice. 

Theorem 4.1.1. Let S be an ordered semigroup satisfying axioms 01-06. Let 
{fi)^=i ^^^^ (3i)j=i ^6 elements of Sr such that 

n m 

i=i j=i 

Let {f,l)f^i be such that f- <^ fi for all i. Then there exist elements hij, with 
i = 1,2, . . . ,n and j = 1,2, . . . ,m, such that 

m 

(4.1) fi-^Yl ^''3 ^ f"'' 

i=i 

n 

(4.2) ^ /lij ^ 5j for all j. 
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Proof. Notice that it suffices to prove the theorem with the inequahty relation ^ 
in place of the compact containment relation ^ in (|4.ip . Once the inequalities 
are obtained, the compact containment is easily arranged by finding interpolating 
elements // <IC /" ^ /f ^ fi and applying the theorem, with inequality relations, 
for the pairs /■' < . 

Let us first prove the theorem for n — 1 and m — 2. Let f',f,g € 5r be such 
that /' ^ / ^ gi + 52- Let us assume that / oc 92- By Proposition 13.1.61 there 
exists I such that f'^l<\f. Let £ > be such that / ^ (1 — e)f . Since I <\ /, for 
any 5 > we can apply Lemma [3. 1.71 to get I' such that f <\l and I ^ I' + 6f. 
Since / oc (72, we can choose S small enough so that I ^ I' + eg2- In summary, 
we first find I and £ > such that /' ^ / <] (1 — e)f and then find I' such that 
/' < <1 / and / ^ I' + eg2. 

By axiom 06 applied to 

< Z < {l-e)gi + {l~e)g2, 
there exist g'l and g'2 such that I' <C g'l + .92 a-nd 

91 < (1 -£)giJ, 

92 < (1 -e)52,'- 

Let us choose hi <ti g'l such that I' ^ hi +52- Since (75. ^ by Proposition 1333] we 
may choose hi that is algebraically complemented in Z, i.e., such that there exists 
/i2 such that I = hi + h2. Then 

hi + h2 ^ I ^ I' + eg2 ^ hi + g^ + £.92 s% /ii + 32- 

Since hi ^ / oc (72, we can cancel /ii to obtain h2 ^52- This proves the case n = 1, 
m = 2 of the theorem under the assumption that / oc 52 • 

It follows by induction that if /' ^ / ^ 5*; ^^'^ f 5" then there exist 

(^i)"=i such that /' ^ J27=i ^ f a-iid hi ^ (/^ for all i. 

Let us now go back to the case n = I and m = 2 and remove the assumption 
/ oc 52- Suppose again that /' <^ / < gi + g2- Let Z and £ > be such that 
/' "C i ^ (1 — £)/. By axiom 06 there exist g'l and (?2 such that I ^ g'l + g2 and 

51 ^ (l-£)5i,(l-£)/, 

52 ^ (l-£)52,(l-e)/. 

Then we trivially have I ^ g'i+ g'2 + + g'2) and Z oc ^{g'l + (72)- So, there exist 
h[, h'2 and /ig such that 

/' ^ h'l +h'2+hi,^l, 

h'l ^ g'l, h'2 ^ g'2, and /i^ |(.gi + 5^). 

Set h[ + I^J. = ''■I and h'2 + ^g'2 = /i2- Then /ii ^ gi, ft.2 ^52, and f ^ hi + h2- 
Also, 

/ii + ;i2 = h'l + h'2+ ^-{g'l + .g^) ^ I + + g^). 

But / < (1 — £)/ and ^{g'l + g'2) < £/. So, hi + h2 ^ f. This proves the theorem 
for n = 1 and m = 2. 

The reader may verify that the case n = 1 and arbitrary m now follows by 
induction, building on the case that was just established. 

Finally, let us consider the general case of the theorem. Let us assume that the 
theorem has been proved for certain n and m and then show that it is also valid 
for n + 1 and to. Suppose that J2^=i fi ^ X^jli 9j and let /{ <C /i. Then there 
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exist {hj)JLi such that /{ ^ X^Jli ^ A ^^"^ ^ 9j fo'^ J- ^'^^ each j let us 
find h'j <^ hj and g'j such that /i^- + g'j ^ < hj + g'j and /( ^ J2]Li ^'j- Then 

n+1 m m m m 

i=2 j = l j=l j=l j = l 

Thus, 

n+1 

(4.3) A + EA^/i+E^; 

i=2 j=l 

By Lemma 13.3.21 the elements g'^ may be chosen such that gj oc . So /i oc 
SjLi 5j ^i^d we can cancel /i on both sides of (14. 3p . By induction, there exist (hij), 
i = 2, . . . , n + 1, j = 1, . . . , m, such that /j' ^ Sjli fi for i = 2,3, ... ,n + 1 

and X)r=i '^ij ^ 9j ^'^^ J- ^® '^ij ~ ^'j- elements hi,j have the 

desired properties. This completes the induction. □ 

Theorem 4.1.2. Let S be an ordered semigroup satisfying axioms 01-06. Then 
F{S) is a complete distributive lattice. Furthermore, addition is distributive with 
respect to A and W : 

(4.4) (Ai V A2) + A3 = (Ai + A3) V (A2 + A3), 

(4.5) (Ai A A2) + A3 = (Ai + A3) A (A2 + A3) 

Proof. Since F(5) = F(S'h), it suffices to prove the same properties for F(S'r) (or 
alternatively, to assume that 5* has real multiplication). The pointwise supremum 
of an upward directed set of functionals is also a functional, and so the supremum 
of the set. Thus, in order to show that F(S'r) is a complete lattice, it suffices to 
show that any two functionals have a least upper bound. 

Let Ai and A2 be in F(S'r). Let us define A: 5r — ?> [0, 00] by 

(4.6) A(/) := sup{Ai(/i) + A2(/2) | A + A /}• 

That A is sub-additive follows from general considerations. The inequality A(/) + 
X{g) ^ A(/ + g) follows from the refinement property obtained in Theorem 14.1.11 
Thus, A is additive. It is clear that A is the least upper bound of Ai and A2 among 
all the ordered semigroup maps from 5r to [0, 00]. Let A denote the supremum pre- 
serving regularization of A. That is, A(/) supj/^^ ^if')- Then A is a functional 
on Sr (see |ERS1 1'. Lemma 4.7]) and Ai V A2 = A. 

The identity (|4.4I) follows from the fact that Ai V A2 is the lower semicontinuous 
regularization of the functional given by (|4.6p . The reader is referred to the proof 
of [ERSlll Theorem 3.3] for the details of this argument. Similarly, in order to 
prove (|4.5p we need a Kantorovich-type formula for Ai A A2. Consider the map 
A : S'r — > [0,Qo] defined by 

A(/) := inf{Ai(/i) + A2(/2) \ f ^ fi + A}- 

That A is sub-additive follows again from general considerations. The refinement 
property of Theorem 14.1.11 can then be used to show that 

A(A) + A(.9')s^A(/ + <?), 

for all /' ^ / and g' <^ g. It follows that A(/) :— supy,^yA(/') is additive. 
Moreover, proceeding as in the proof of [ERSlli Lemma 4.7] we get that A is 
a functional on Sr. If 7 G F(S'r) is such that 7 ^ Ai,A2 then clearly 7 < A. 
Since j{f) = supj,^j 7(/'), we also have that 7 ^ A. Therefore, A = Ai A A2. 



14 



LEONEL ROBERT 



Identity (|4. 51) can now be derived proceeding as in the proof of [ERSlll Theorem 
3.3]. Finally, the identities (|4.4p and (|4.5p imply that F(S'k) is a distributive lattice 
(by [ERSlll Proposition 3.4]). □ 

4.2. Interpolation. Here we show that if S satisfies axioms 01-06 and has a 
countable dense subset then there exists a greatest lower bound f A g for any two 
elements f,g £ Stsi- 

Lemma 4.2.1. Let f,g Cz Sm. with f (x g. Then the set of elements /i £ S'm such 
that h ^ h' ^ f,g for some h' , is an upward directed set. 

Proof. Let p and q be elements of Sr such that p <^ p' ^ f,g and q q' ^ f,g. 
Writing p' as the supremum of a rapidly increasing sequence as in ProDOsition l3.1.5l 
we can find pi and p2 such that p ^ pi<P2 ^ p'. Similarly, we find qi and q2 such 
that 9 <tC gi < 92 <C (?. In order to prove the lemma, it suffices to find ri G such 
that pi,qi ^ ri ^ /, g, for then there exists r such that p, q ^ r <^ ri ^ f, g. 

Let us prove the existence of ri satisfying that pi, qi ri ^ f, g. In what 
follows, the relevant properties of pi and qi are that 

(i) there exists e > such that pi,qi <l {1 ~ e)f, (1 — e)g, and 

(ii) pi and qi have algebraic complements in both (1 — e)f and (1 — e)g (this 
follows from Lemma [3. 3. 2p . 

Let us choose pf, qf, and qg such that 

Pi +P/ = 91 + 9/ = (1 - £)f, 
qi+qg = (1 -e)g. 

Then 

qi+qf = (1- e)f =Pi+Pf 

sc {l-e)g + pf 

= qi + qg+Pf- 

So, 

91 + 9/ ^qi+Qg+Pf- 
We can choose gg such that g oc (see Lemma l3.3.2p . Thus, we can cancel qi in 
the above inequality: 

If < <lg+Pf- 

Since qf < /, by Lemma [3 . 1 . 71 there exists < g/ such that qf ^ q'f + £0/7 where 
eo > is small enough (how small will be specified later). Axiom 06 applied to 

q'f < qf < 9g + P/ 

implies that there exist r' and t' such that ^ r' + i', r' ^ qf, qg, and t' ^ qf,pf. 
Let us set r2 = r' + gi. Then we have qi ^ r2 and ^2 ^ (1 — e)f, (1 — e).g. As for 
comparing to pi , we have 

Pi+Pf^ (!-£)/ = 91 +9/ 

^ 91 + 9/ + £0/ 
5$ gi + r' + <' + eo/ 
^ ^-2 + P/ + £o/- 

So 

Pi+Pf ^r2+Pf + £0/ 
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Since pf cx eo/) we can cancel pf. 

Pi^r2+ eof. 

Let us choose £o > such that Eq ^ £ and Sof ^ sg. Its existence is guaranteed by 
the hypothesis f oc g. Then n = r2 + £0/ has the desired properties. □ 

Theorem 4.2.2. Let S be an ordered semigroup satisfying axioms 01-06 and with 

a countable dense subset. 

(i) For each pair /, g G there exists a greatest lower bound f A g. 

(ii) For any f & Sm and any increasing sequence [g-n) in Sr we have that 

isup(/ A gn) = / A (sup5„). 

n n 

(Hi) For all f,g,h € Sr we have that 

fAg + h={f + h)A{g + h). 

Proof, (i) The existence of a countable dense subset in S implies that such a set 
exists also in Sr. The intersection of a dense subset with an order ideal is dense 
in the ideal. Thus, every order ideal O of Su (i.e., a subset such that f ^ g G O 
implies f G O) contains a countable dense subset. If O is also upward directed, 
then we can find a cofinal increasing sequence in O. Finally, if in addition O is 
closed under the suprema of increasing sequences, then O has a maximum element. 

Let f,g G 5r. Let us first establish the existence of (00 • /) A (00 • g). Observe 
that the set of elements h E Sr such that h ^ cxd ■ /, cxd • g is upward directed, as it is 
closed under addition. Since it is also an order ideal and closed under the suprema 
of increasing sequences, it contains a maximum element (00 ■ /) A (00 • g). (Along 
the same lines, one can show that 00 ■ S and 00 ■ Sr arc complete lattices.) 

Next, let us prove the existence oi f Ag under the assumption that f <x g. By the 
previous lemma, the set of elements h such that /i <C /i' < /, 3 is upward directed. 
Since it is also an order ideal, it contains a cofinal increasing sequence (/i„). Let 
h = sup„/i„. Since hn ^ f,g for all n, we have h ^ f,g. On the other hand, if 
I ^ f,g then for every I' <^ I we have I' ^ hi for some i, and so I' < h. Passing to 
the supremum over all such /' we get that / ^ h. This shows that h = f Ag. 

Suppose now that / ^ 00 • g. Let (/„) be a rapidly increasing with supremum 
/. Then /„ oc <? for all n and so /„ A 5 exists for all n. The sequence (/„ A g) is 
increasing. Let h = sup„ /„ A g. We clearly have that h ^ f,g. On the other hand, 
if / ^ /, g and /' ^ / then I' ^ /„ for some n, and so I' ^ fn A g ^ h. Passing to 
the supremum over all such I' we get that / ^ h. Thus, h = f A g. 

Finally, let / and g be arbitrary elements of Sr. Consider the element 

{f A{oof Aoog)) Ag. 

This element is well defined, since the existence of each greatest lower bound has 
been justified previously. A simple analysis reveals that this clement must be f Ag. 

(ii) We clearly have sup„(/ A gn) ^ / A sup„5f„. Let I <^ f A sup„5„. Then 
I ^ gng for some no € N. Thus, g < f Agng < sup„ /A^^. Passing to the supremum 
over all / such that / <C / A sup„ gn we get / A sup„ gn ^ sup„(/ A gn). 

(iii) Let us first establish a preliminary inequality: 

(4.7) {f + g)Ah^fAh + gAh. 

Let l^{f + g)Ah. Applying 06 in 

l<^{f + g)Ah^f + g 



16 



LEONEL ROBERT 



we find /' and g' such that 

i^f' + g', 

f ^ (/ + g) Ah J and g' ^ {f + g) A Kg. 

We have f ^ f A h and g' ^ .g A h. Hence I < f A h + g A h. Passing to the 
supremum over all I such that I <^ {f + g) A h we get (|4.7p . 
The inequality 

fAg + h^{f + h)A{g + h) 

follows trivially from first principles. 
Let us prove that 

(4.8) if + h)A{g + h)^fAg + h. 

We first consider the case that h (x f,g. Let Z G 5r be such that l<i{f + h)A{g + h). 
Let e > 0. Let us find I' < I such that I ^ I' + ef and I ^ I' + eg. Such an element 
/' exists by Lemma [3.1.71 and the fact that {f + h) (x f and {g + h) (x g. By (j4.7p 
we have that I ^ f + {h Al) and I ^ g + [h A I). Let h' ^ {h A I) be such that 

Z' s; / + + 

By Lemma l3.3.2[ we can choose h' such that it is algebraically complemented in /. 
Let d be such that I = d + h' . Then 

d + h' = I I' + ef ^ f + h' + ef = {I + e)f + h'. 

Cancelling h' we get that d ^ (1 + e)f. Similarly, we get that d ^ (1 + e)g. So 
d ^ {l+e){f Ag) (here we have used that af Aag = a{f Ag) for a > 0, which follows 
from the fact that scalar multiplication by a is an ordered semigroup isomorphism 
of 5k). So 

li^d + hs^ {I + e){f A g) + h. 

Since e is arbitrary, we get that I ^ f A g + h. Passing to the supremum over all I 
such that l<i{f + h) A{g + h) we get (|^ . 

Let us now drop the assumption that h oc /, g. Let e > 0. We have 

(4.9) {f + h)A [g + h) = {f + eh) A [g + eh) + (1 - e)h. 
On the other hand, applying (|4.7I) twice we have 

(4.10) if + eh) A{g + eh) f Ag + 2eh. 
Thus, combining (|4.9p and (|4.10l) we get 

{f + h)A{g + h)^fAg + {l+e)h. 
Since e > is arbitrary, we are done. □ 

5. Further remarks 

5.1. The Cuntz semigroup of C*-algebras. Given a C*-algebra A, we denote 
by Cu(^) the Cuntz semigroup of A. 

Proposition 5.1.1. Cu(^) satisfies the axioms 01-06. // A is separable then 
Cu(A) contains a countable dense subset. 
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Proof. [CEI081 Theorem 1] states that Cn{A) is an ordered semigroup satisfying 
axioms 01-04 (i.e., is an object in the category Cu). 

R0rdam and Winter show in |RW101 Lemma 7.2] that Cu{A) satisfies 05 (i.e., 
has almost agebraic order). 

Let us show that Cu{A) satisfies 06. Suppose that [a] ^ [b] + [c], with a,b,c G 
{A®IC)+. Without loss of generality, let us assume that be — 0. We must show that 
for every s <C [a] there exist [b'] and [c'] such that s ^ [b'] + [c'], and [&'] ^ [a], [b], 
[c'] ^ [a],[c]. It suffices to show this for s = [{a — £)+] for some e > 0. In 
this case, by |R0r92[ Proposition 4.3] there exist a; e A ^ and S > such 
that (a — e)+ = x*x and xx* belongs to the hereditary subalgebra generated by 
{b + c — (5)+. Let gs G Co(K) be non-negative and equal to 1 on the set (5, ||a||]. 
Then gs{b + c){xx*) = XX* . So, 

[{a - e)+] = [xx*] = [gs{b + c)xx*gs{b + c)] 

= [gs(b)xx* gs{b) + gs{c)xx* gs{c)] 

< [gs(b)xx* gs{b)] + [gs{c)xx* gs{c)]. 

Notice that [gs{b)xx* gs{b)] < [(a — £)+],[6] and [gs{c)xx* gs{c)\ < [(a — £)+], [c]. 
Thus, setting gs(b)xx* gs{b) — b' and gi[c)xx* g^(c) = c', the desired result follows. 

Finally, if A is separable then the elements [(a — i)], with n e N and a ranging 
through a countable dense subset of (A /C) + , form a dense subset of Cu(A). □ 

Next we will show that Gw{A (g) 7?.) = Cu(A)k, where 72. denotes the stably 
projectionless C*-algebra studied in |JaclQ) (therein denoted by W) and in jRobllj . 
Notice that since TZ is nuclear, the tensor product A® 72 is unambiguously defined. 

We will need the following properties of 72. (see [JaclOj and [Robll] ]): 

(i) Ko(72) =Ki(72) =0. 

(ii) 72 8) Q = 72 where Q denotes the UHF algebra with i^o(Q) ^ Q- 

(iii) There is an embedding 72 ^ Q such that, at the level of Cu, the class of a 
strictly positive element [e] G Cu(72) is mapped to the element [e] G Cu(Q) 
such that [e] < [1] and [e] = [1]. 

(iv) 72 ® 72 7^. 

(v) The automorphism 72 (g) 72 —> 72, (X) 72 such that a®b ^ b® a\s approximately 
inner. 

Let us recall the definition of a purely non-compact element of Cu(A). The 
element [a] G Cu(A) is purely non-compact if its image on every quotient Cu(A//) is 
either non-compact or strongly infinite (i.e., 2[7r/(a)] = [7r/(a)], with tt/ : yl ^ Ajl 
the quotient map). Let us denote the set of these elements by Cu(A)pnc- By 
[ERSlli Proposition 6.4 (i)], Cu(A)pnc is a subsemigroup of Cu(A) closed under 
sequential suprema. By [ERSlll Theorem 6.6], if A absorbs the Jiang-Su algebra 
Z then [a] i— > [a] is an isomorphism from Cupnc(^) to L(F(Cu(A))), which we have 
shown in Theorem 13.2.11 coincides with Cu(yl)R. 

Theorem 5.1.2. Let A he a C*-algebra. Then Cu(A(8)72) is isomorphic to Cu(A)r. 

The proof is divided in a number lemmas. 

Lemma 5.1.3. If A ® TZ = A then the map [a] i~> [a] is an isomorphism from 
Cu{A) to Cu(A)r. 

Proof Since 72 ® Z = 72, the algebra A absorbs Z. Thus, by [ERSlli Theorem 
6.6], it suffices to show that every element of Cu(A) is purely non-compact. Since 
every quotient of A g) 72 (= A) has the form {A/ 1) ® 72, it suffices to show that 
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every projection p of an 7?.-absorbing C*-algebra is properly infinite. Let p be 
such a projection. Then pAp is unital and absorbs Z (since 2^-stabihty passes to 
hereditary subalgebras). Since Ko{pAp) = Ko(ldeal(p)) = Ko(Ideal(p) ^TZ) = {0}, 
we have m[p] = n[p\ for some m < n. But CuijiAp) is almost unperforated. So 
2[p\ = p, i.e., p is properly infinite. □ 

Lemma 5.1.4. The homomorphism A — > ® Q given hy a ^ a ® \ induces an 
isomorphism from Cu(^)r to G\x{A ® Q)r. 

Proof. The homomorphisms a a (8) 1„, from A to A® Mn induce isomorphisms 
at the level of F(-) for all n. Passing to the limit with respect to n, and using that 
F(-) is sequentially continuous (see jSRSll, Theorem 4.8]), we get that the map 
F{A®) Q) — >■ F{A) induced by a H' a (g) 1 is an isomorphism. The result now follows 
from Theorem l3.2.1l (We can alternatively use the continuity of the fimctor Cu(-)k 
with respect to sequential inductive limits.) □ 

The following lemma is of independent interest (and in particular, does not 
immediately follow from Theorem 15. 1.2p . 

Lemma 5.1.5. If A® Q ^ A then every element in A®TZ is Cuntz equivalent to 
an element of the form a (E) e, with e G TZ+ strictly positive. 

Proof. Let b G Q®)A(E)TZ be a positive element, where A is a C*-algebra that absorbs 
Q. Since A (E)TZ absorbs Q, b is approximately unitarily equivalent to an element 
of the form 1 (g) oi, with oi ^ A(E)Tl. Let us identify TZ with a subalgebra of Q in 
such a way that [e] G Cu(Q) is the unique element such that [e] < [1] and [e] — [1]. 
Then [1 (g) oi] = [e (X) oi] (more generally, [6i (X) c] — [62 (X c] whenever [61] — [62]). 
So, [1 (8) ai] — [e® oi] by Lemma 15.1.31 Notice that e ® ai G TZ ® A ® TZ. Since 
the automorphism of TZ (i) A (i) TZ that maps x^y^z to z^ySix is approximately 
inner, the element e(E> ai is approximately unitarily equivalent to an element of the 
form a (g) e, with a G Q (E) A. This completes the proof. □ 

Proof of Theorem ] 5. 1.2[ Bv Lemma l5.1.4l we mav assume that A®)Q. ^ A. Consider 
the map from A®)TZ to A® Q induced by the inclusion TZ ^ Q. Since every element 
of Cvl(A(E)TZ) is purely non-compact, and such elements are preserved by morphisms 
in the category Cu, Cu{A (g) TZ) is mapped into Cupnc(^ ® Q)- Let us show that it 
is an isomorphism into this set. Let si, S2 £ Cu{A(E)TZ). Assume that Si = [ai ® e], 
with i — 1,2, by Lemma [5. 1.51 If [ai ®) e] — [02 ® e] in Cu{A (g) Q), then 

[fli (g) 1] = [ai g) e] = [02 g) e] = [02 g) 1]. 

By Lemma [5.1.41 we get that [ai] = [02], and so [oi g) e] = [ai (g) e] as elements of 
Cu{A g) 7^)R. Thus, by Lemma ISX^ [ai g) e] = [02 g) e] in Cu{A g) TZ). This proves 
injectivity. 

Let us prove surjectivity. Let s G Cupnc(^® Q). We may assume that s = [ag)l] 

for some a G A. We have [a g) 1] = [ag)e]. But s is purely non-compact. So, 
s = [a g) 1] = [a g) e]. This proves surjectivity. □ 

5.2. Glimm's halving property. Let us show that the axioms 01-06 suffice to 
recover Glimm's halving property in the context of simple ordered semigroups. 

Proposition 5.2.1. Let S be an ordered semigroup satisfying axioms 01-06. Sup- 
pose that S is simple (in the sense that every non-zero element is full, i.e., oo-s = 00 
for s 0) and that S =/= {0, 1, . . . , cxd}. Then for every non-zero a; G there exists 
z ^ such that 2z ^ x. 



THE CONE OF FUNCTIONALS ON THE CUNTZ SEMIGROUP 



19 



Proof. Let x ^ S and suppose that 3^1+2:2 ^ a; for non-zero xi and X2- Let us 
prove the existence of z such that 2z ^ x. Let x'^ and x'{ be non-zero elements and 
such that Xi ^ x'^ <C xi. Then there is a finite n such that x'l ^ nx2. By 06, we 
have x'{ ^ a;2^'' -I- Xg^^ -|- . . . 2^2"^ where Xj*^ ^ 2:2, xi. At least one of the 2:2* ''s must 
be non-zero. Assume it is 2^2^''. Then 2x^^ ^ xi -I- 2:2 ^ 2:. 

Suppose that there exists an element e e 5 such that 2;i + 2:2 ^ e implies 2:1 = 
or X2 = 0. Let us prove that in this case 5' = {0, 1, ... , 00}. First observe that e 
is minimal among the non-zero elements. For if e' < e, with e' ^ 0, then choosing 
e" ^ e' non-zero we get by axiom 05 that there exists c such that e"+c ^ e ^ e'+c. 
The element c must be non-zero (since e' 7^ e). This contradicts the property of 
e. Since e is a minimal non-zero element, we must have e ^ e. Let f £ S. 
Then there exists n such that e ^ nf. By 06 we have e ^ /i + /2 + ■ ■ • + /«, 
where fi ^ e, /. At least one the /jS is non-zero. For this element we must have 
e = fi, since e is minimal. We conclude that e ^ /, i.e. e is the minimum non- 
zero element. Let / S S* be non-zero. Then e ^ e ^ / and so e + fi — f for 
some /i (by 05). If /i is non-zero then e ^ /i and so e + /2 = /i for some /2. 
Continuing this process we get that either / = ne for some n 01 f ~ 00. Thus, 
5 = {0,e,2e, ...,00} ^ {0, l,...,oo}. □ 

An analogue of the previous proposition for ordered groups with Riesz interpo- 
lation is obtained in |Goo86l Lemma 14.5]. 
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